Abstract. In this manuscript, we consider the uniform distribution of points in compact metric spaces. We assume that there exists a probability measure on the Borel subsets of the space which is invariant under a suitable group of isometries. In this setting we prove the analogue of the Weyl's Criterion and the Erd os-Tur an inequality by using orthogonal polynomials associated with the space and the measure. In particular, we discuss the special case of projective space over completions of number elds in some detail. An invariant measure in these projective spaces is introduced and the explicit formulas for the orthogonal polynomials in this case are given. Finally, using the analogous Erd os-Tur an inequality, we prove that the set of all projective points over the number eld with bounded Arakelov height is uniformly distributed with respect to the invariant measure as the bound increases.
Introduction
Let k be an algebraic number eld, v a place of k and k v the completion of k with respect to v. Let (1.4) Clearly, the projective metrics are well-de ned on P N?1 (k v ). It can also be shown that the induced metric topology coincides with the quotient topology determined by . (1.8) where the product is over all places v of k. In view of the product formula, the height function is well-de ned on P N?1 (k). To illustrate a basic Diophantine inequality in this setting, we state the following projective form of Dirichlet's Theorem (e.g. if w is complex.
Here k k denotes the usual absolute value on C . This form of Dirichlet's Theorem states that every in P N?1 (k v ) can be well approximated by a rational point in P N?1 (k) with low height H( ). So it suggests that with respect to a suitable measure, the rational points with low height should be distributed quite uniformly.
Our main objective in this paper is to show that the set f 2 P N?1 (k) : H( ) Hg as H ?! 1 is N v -uniformly distributed where the invariant measure N v will be de ned in section 2. Instead of proving the above qualitative result, we in fact are able to obtain a quantitative bound for the discrepancy of the set of the rational points with bounded height.
In the classical theory of uniform distribution mod one, one can obtain an estimate for the discrepancy by using the Erd os-Tur an inequality and estimating the resulting exponential sums. In our situation, we use Vaaler's approximation in 15] and certain orthonormal polynomials in place of the exponential function as it occurs in the classical case. First we obtain an analogue of the Erd os-Tur an inequality for a general compact metric spaces in section 3. Then in section 4 we concentrate on the projective space P N?1 (k v ) and determine an explicit representation of the orthonormal polynomials in this case. If v is an in nite place, the orthonormal polynomials can be expressed in terms of the usual Jacobi polynomials. In the nal section, we estimate the summation of the orthonormal polynomials over the set of rational points with low height and then apply the Erd os-Tur an inequality to prove our main result.
2. Invariant Measure on P N?1 (k v ) In this section we rst introduce a -algebra on P N?1 (k v ) which contains all the Borel sets in P N?1 (k v ) and then, by using Haar measure on k N v , we de ne a positive measure on this -algebra. We will show that this measure is invariant under the group of isometries ISO(N; k v ).
As 
It is convenient to state the following formula for changing of coordinates. This will be used frequently later. Let f be N v -integrable and B be an element in GL(N; k v ).
Then we have 
In particular, if A belongs to ISO(N; k v ), then
Proof. Suppose F is a non-negative N v -integrable function on P N?1 (k v ). By (2.5) and (2.6), we have
Since jA ?1 j v jA ?1 j v j j v , so by (1.7), (2.5) and (2.6),
This proves the rst inequality in (2.7). The second inequality follows from the rst inequality if we replace F by F A and A by A ?1 . Clearly the remaining assertions of Lemma 2.1 can be deduced directly from (2.7) if v (A) = 1.
With respect to this invariant measure, a sequence f l g 1 l=1 in P N? We will also prove a quantitative result compared with qualitative Theorem 2.2. In Theorem 5.11 at the end of this manuscript, we give an explicit estimation of the discrepancy for the set of all rational points with low height.
We nish this section by proving some formulae for the measures of the projective balls in P N?1 (k v ). These formulae are essential when we compute certain orthonormal polynomials for P N?1 (k v ) in section 4. We rst note that the measures of the projective balls are independent of their centers. For, if 1 Proof. As before, we can assume that = e 1 and 0 < r < 1. In view of (1. 
(2.14)
Therefore, (2.12) follows from (2.3), (2.13) and (2.14).
3. Uniform Distribution in a Compact Metric Space We will actually prove a quantitative form of Theorem 2.2. We are able to give an explicit bound for the discrepancy of the set of rational points with low height for the in nite places and then Theorem 2.2 follows as a corollary. Toward this end, we prove an analogue of the Erd os-Tur an inequality for the projective space P N?1 (k v ). In fact we establish such a result for a general compact metric space.
In this section, we consider uniform distribution in a compact metric space. Let X be a compact Hausdor space and be a regular Borel probability measure in X. The sequence fx l g 1 l=1 of elements in X is said to be -uniformly distributed in
for all real-valued continuous functions of X.
We further assume that X is a metric space with metric d. And 
for any x in X and r > 0 where E is the characteristic function of the set E.
Similarly, a sequence of fx l g 1 l=1 is -uniformly distributed if and only if
for any x in X and r > 0.
It is sometimes more convenient to consider normalized functions when we study their Fourier series. We de ne f : R ?! C to be normalized if In the remainder of this section, we are going to prove an analogue of Weyl's criterion and the Erd os-Tur an inequality for a general compact metric space. It is well known that (e.g. Theorem 1.3 of Chapter 4 in 8]) if X is also a group, then we can obtain results analogous to Weyl's criterion by using the group characters. However, in our case, we are going to employ orthonormal polynomials. where t m n :=< T m ; Q ! n > for m; n 0. In view of (3.6), if m < n, then t m n = 0:
Vaaler showed how to construct a trigonometric polynomial approximation to a function by using Beurling's extremal function. He also used this approximation to give an improved version of the classical Erd os-Tur an inequality. In this section, we will employ Vaaler's approximation to prove the analogous Erd osTur an inequality. In 7], P. Grabner used a similar idea to obtain the Erd os-Tur an inequality for the N-dimensional sphere.
We rst recall some de nitions used in Vaaler's approximation. Let M be a positive integer. We write e(x) We now suppose that g : R ?! C has period 1 and bounded variation on each closed interval of length 1. We also assume that g satis es the normalizing condition (3.4).
Let V g (x) be the total variation of g on ? 1
2 ; x]. We write (dV g ) k M (x) for the
(3.12)
Then the trigonometric polynomial
will give a good approximation to g. 
for any real number x. Inequality (3.14) is essential in our proof of the Erd osTur an type inequality. We are going to use (3.14) to approximate the normalized characteristic function. Letĝ Now we suppose that g is an even function. Since g j M is an even trigonometric polynomial, it can be written as a nite linear combination of T m (cos 2 x). Hence, in view of (3.7), g j M can also be written as a linear combination of Q ! n (cos 2 x). From (3.9) and (3. for n 0. Similarly, we can also write (dV g ) k M (x) as a linear combination of Q ! n (cos 2 x). Using (3.7), (3.8), (3.10) and (3.12), for any real number x, we have 
Then for any L;
where A M n (g) and B M n (g) are de ned in (3.17) and (3.19) respectively.
Proof. Lemma 3.2 is a direct consequence of (3.14). For any
; (3.21) by (3.14) . In view of (3.6) and (3.16), the rst term in the right hand side of (3.21) is equal to
Similarly, from (3.6) and (3.18), the second term in the right hand side of (3.21) is equal to 
where sgn(t) is +1; 0 and ?1 according as t 0; t = 0 and t < 0 respectively and the above integral is a Riemann-Stieltjes integral on ?1; 1]. In view of (c) above, ! is independent of the choice of x 0 in X. From (3.24), we see that if f is integrable, 
for any m; n 0. We conclude that if m + n is odd t m n = 0: Proof. For 0 < r < 1, we let r = cos 2 for some in (0; 1 4 ) and assume 0 < < . for any y 2 X and n 1.
4. Uniform Distribution in P N?1 (k v ) In this section, we concentrate on the projective spaces over number elds again and compute the orthonormal polynomials for this case. In view of Lemmas 2.3, 2.4 and x2.2 in 11], the set of orthonormal polynomials exists. We denote the set of orthonormal polynomials for P N?1 (k v ) by fQ N;v n (x)g 1 n=1 .
We rst consider the case vj1. Proof. The proof is similar to that of Lemma 4.1.
When v is a nite place, the orthonormal polynomials in this case are more complicated and we are not able to represent them in terms of familiar polynomials. Since the explicit formula for these polynomials doesn't contribute to our proof of the main theorem, we just state the following recursive relation for Q N;v n (x) without proof. Such a proof can be found in 4]. Let 
Rational Points with Low Height
We now come to the proof of Theorem 2.2. For vj1, in view of Weyl's Criterion, we are going to establish the following result. We will prove Theorem 5.1 by induction on N 2. The following lemma shows that it is true for N = 2 and this starts our initial inductive step.
Lemma 5.5. Suppose vj1. Let be an element in k and n be a positive integer.
Then for any X 1, we have T 2 n (X; ) n 5n X 2? Proof of Theorem 5.7 :
The proof is similar to the proof of Theorem 5.1. First of all we show that we can assume 2 P N?1 (k). In view of Dirichlet's Theorem, if 1 where the supremum is taken over all 2 P N?1 (k v ) and 0 r 1. We make one nal remark here concerning our choice of height function. If we use the Weil height in which the l 1 -norm is used at the in nite places in (1.1) rather than the l 2 -norm, then the set of rational points with low Weil height is no longer N v -uniformly distributed. This suggests that the height de ned in (1.8) is more natural in the projective setting. The author wishes to thank Professor J. Vaaler for his valuable advice about this paper.
